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Convergence of Block Spins Defined by a Random Field

Carla C. Neaderhouser?
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We study the asymptotic behavior of families of dependent random
variables called ““block spins,” which are associated with random fields
arising in statistical mechanics. We give sufficient conditions for these
families to converge weakly to products of independent Gaussian random
variables. We also estimate the error terms involved. In addition we give
some conditions which imply that the block spins can converge weakly only
to families of normal or degenerate random variables. Central to our proofs
is a mixing property which is weaker than strong mixing and which holds
for many random fields studied in statistical mechanics. Finally we give a
simmple method for determining when a stationary random field does not
satisfy a strong mixing property. This method implies that the two-dimen-
sional Ising model at the critical temperature is not strong mixing, a result
obtained by a different method by M. Cassandro and G. Jona-Lasinio. The
method also shows that a stationary, mean-zero, positively correlated
Gaussian process indexed by R is not strong mixing if its covariance function
decreases like 7 =%, 0 < o < 1.

KEY WORDS: Block spins; random field; mixing random variables; Ising
model.

1. INTRODUCTION

Let Z¢, d > 1, denote the integer lattice points in d-dimensional Euclidean
space. Throughout this paper d(-, -) will denote Euclidean distance in Z¢
and || | will denote cardinality.

Let (X(n))yez¢ be a random field, i.e., an array of random variables
indexed by Z¢ and defined on some probability space (Q, % P). We will
assume here that Q = R¢, F is the o-algebra generated by finite-dimensional
cylinder sets, and, for. w € Q and n€Z¢, X(n}(w) = X(n, w) = w(n). For a
given positive integer N we wish also to consider the reduced lattice obtained
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by breaking Z¢ into disjoint d-dimensional cubes of side N and relabeling
these blocks in a natural way. Thus for n = (ny, ..., ny) € Z¢ we define the
block B¥(n) by

B¥m)={mecZNn, <m < Nim; + 1), 1 <i<gd} (1.1

Clearly, as N — o, |B¥(m)| ~ N? for each n. We now define for each N a
new family of random variables (or a new random field) (X¥(n))yez¢ by setting

X¥m) = > X(m), neZz? (1.2)

meBN(n)

The random variables defined by (1.2) will be called the (Nth-step) block spins.

The study of the family of block spins is motivated by examples from
statistical mechanics, notably the Ising model.*~%-1® The possible limit distri-
butions of these families are thought of as *“ fixed points” for certain renormal-
ization transformations,* and it is conjectured that these limit distributions
must be normal above the critical temperature but that nonnormal limits may
occur at the critical temperature. This behavior is a result of increasing
dependence among the X (n) as the critical temperature is approached, where
the dependence is best described as a type of “mixing.”

Definition 1. For 4 < Z¢ let &, denote the sub-c-algebra of &
generated by the cylinder sets over 4. We say the measure P [or the associated
family X(n)] satisfies a strong mixing condition if there exists a function
a: [1, ) = (0, 0), «t) | 0 as ¢t — o0, such that whenever 4, B = Z¢ with
d(4, B) = t, Ec #,, and Fe %,

M) |P(EF) — P(E)P(F)| < a(2)

We say that P [or the family of X (n)] satisfies a mixing condition if the previous
statement holds with (M) replaced by

(M) |P(EF) — P(E)P(F)| < o(t)] 4]

In Ref. 8 it is shown that for a random field satisfying a mixing condition
similar to (M), with A and B parallel hyperplanes, the limits of the block
spins, if they exist, must be independent and normally distributed. In Ref. 6
some sufficient conditions for convergence are given and the behavior of the
block spins at the critical temperature for d = 2 is determined under some
very strong conjectures. No estimates of error terms are given in these papers.
Behavior at the critical temperature, including the failure of (M,) in d = 2,
is also discussed in Ref. 1. In this paper we study the block spins of random
fields satisfying (M), a condition introduced in Refs. 3 and 9. Using (M)
enables us to make estimates about the error terms involved, for example,
since we can consider more varied types of subsets than the hyperplanes con-
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sidered in the mixing condition used in Ref. 8. The criterion for determining
when (M) is satisfied (Theorems 2 and 5, Ref. 3) is also relatively easy to
verify for a wide range of models. _

In Section 2 we show that if (M) holds with «(¢) | 0 rapidly enough, then
the block spins must converge weakly to the product of independent Gaussian
random variables. In Section 3, for a stationary random field, we find a
sufficient rate of decay for (M) to imply that the weak limits of the block spins,
if they exist, must be normal or degenerate. Finally in Section 4 we use the
exact calculation of the correlation function of the two-dimensional Ising
model at the critical temperature,%-1® together with a lemma from Ref, 10,
to show that property (M) does not hold for this model. (Another proof of
this result may be found in Ref. 1.) We also give some one-dimensional exam-
ples in which (M) fails, even though covariance terms E[X(0) — E(X(0))] x
[X(n) — E(X(n))] decrease to zero as n — 0.

2. CONVERGENCE OF THE BLOCK SPINS

We need the following fundamental lemma, the proof of which may be
found in Ref. 2:

Lemma 2.1. Suppose (M) holds. Let A, B < Z¢ with d(4, B) = ¢,
feZF,geF,and [f|, < «©, |g], < o, where the norms are with respect to
the measure P. If p,q,r > land 1/p + 1/g + 1/r = 1, then

|E(f2) — E(NE(@)| < [ A4]1"]f]5] 2]
If p = q = o, then

[E(fe) — E(NE()| < 4e(t)| 4] ]|/ ] =] 8]

Now, for N > 1 and n € Z?let X¥(n) be defined by (1.2). Then (X¥(-))y»1 I8
a sequence of random functions on the space Z¢ and, following Ref. 7, we say
the X~ converge weakly to a random function (Y (n)), ¢ if foreachp > 1and
ny,..., N, € Z2 the joint distribution function of (X”(n,),..., X*(n,)) converges
to the joint distribution function of (Y(n,),..., Y (n,)). We assume throughout
this section that F(X(n)) = O for n e Z% We assume also that either

[Xm)]» < C <o forallneZ®
and (M) is satisfied with «(f) « t7¢~" for some v > 0 2.1

or
E|Xm)[?*?* < C< oo forsome0 < 8§ < landallneZ?

and (M) is satisfied with f @O )l dr < oo 2.2)
1
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Clearly Lemma 2.1 and either (2.1) or (2.2) imply that for 4 < Z*¢

E|> X « 4] (2.3)

neA

Now for each N > 1 and ne Z¢ let é6B¥(n) denote the usual topological
boundary of B¥(n) and for 0 < e < 1 set

0.B¥(n) = {m € B¥(m)|d({m}, 2B(m)) < N*}
so that
[0.BY(m)| « Ne-1+e 2.9

Lemma 2.2. Suppose (X(n)),.z¢ satisfies the above conditions. Suppose
there exist constants (C¥(n))pcz? y=1, Such that foreach N > 1 and ne Z*¢

C¥m) » N2 2.5)
and the sequence X¥(n)/C¥(n) converges weakly to a random variable ¥(n).
Then the sequence of random functions (X¥(n)),cz¢ defined by X¥(m) =
X¥(m)/C¥(n) converges weakly to the random function (¥ (n)),cz¢ where, for

neZ¢ Y(n) has the same distribution function as ¥(n) and the ¥(n) are
independent.

Proof. For neZ? and t € R let gu(¢) be the characteristic function of
¥ (). Then it suffices to show that ifp > 1,n,.,n,eZ%and ty,...,1, e R,

w3, ) - Lo oo

1sgisp
The standard method of proving the corresponding result when the X(n) are
independent and the ¥(n) are normal, for example, is to rearrange the
summands and then to appeal to the one-dimensional central limit theorem
(Ref. 7, p. 19), but in our case we can make better use of the mixing assump-
tion if we proceed more directly. Let 0 < € < 1 and

Zw= 3 oy M- T _zw) @D

Now, by (2.3)~(2.5),
E(Z¥m))? = o(1) as N — oo
and thus by a modification of the standard proof for p = 1 we have

E{expi[lszj:sp é‘j&“ﬂ} E{expz[ > t,-WN(n,-)]} +o(l) (28)

1<ji=<p

and a fortiori

E[exp i%‘%:fl)j‘)] = Elexp it, W¥(n,)] + o(1) 2.9)
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Finally, since for any j # j’ the sites involved in the definition of W¥(n,) are
all at least distance 2/NV¢ away from any site involved in the definition of
W?¥(n,") and since by (2.1) or (2.2), if we choose ¢ close enough to 1, «( NN ¢ =
o(1) as N — oo, we can apply Lemma 2.1 a total of p — 1 times to give

o] 3, 2551} - I ofor 28] - 0 o

1<i<p

Now clearly (2.8)~(2.10) imply (2.6).

Letting (®(n)),.z¢ denote an independent family of normal random
variables with E(®(m)) = 0 and E(®(n))? = 1 for each n € Z¢%, we can show
the following result:

Theorem 2.3. Suppose E(X(m)) =0 and E|X@)|° < C < for
ne Z4 (M) is satisfied with

f A2 df < o @.11)
1
and there exist C and R > Osuch thatif 4 < Z9and |4] > R
2
E[z X(n)} > C 4] (2.12)
neA
Set
22, = E[X*m)]P? (2.13)
Then the sequence of random functions
(XN(H)/ZN,n)nEZd,N =1
converges weakly to
(Po)neze

Proof. By a slight modification of the proof of Theorem (3.3) in Ref. 16
we can show that for each n, X"(n)/Zy , converges weakly to ®(n). Since
(2.12) implies (2.5), we can then apply Lemma 2.2.

Let us note that by Lemma 2.1 and (2.1) or (2.2), condition (2.12) is
satisfied, for example, if the X(n) are stationary with E(X(k)X(n)) = 0 for
k,neZ?and |[E(X(kK)X(m))| < «(d({k}, {n})) for «(-) as in (2.1) or (2.2). This
is the case, for example, for the Ising model above the critical temperature if
the interaction potential is assumed to be positive, since we may take oft) =
e % for some B > O (see Ref. 8 and the discussion in Ref. 16, Section 5, for
example).

For uniformly bounded X(n) we can do slightly better:

Theorem 2.4. Suppose E(X(n)) = Oand [ X(n)|., < C < coforneZ<
Suppose (M) is satisfied with e(¢) « #7297 A ¢72 for some ¢ > 0 and suppose
(2.12) holds. Then the conclusion of Theorem 2.3 is valid.
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Proof. We need only combine the conclusion of Theorem (3.4) of Ref. 17
with our Lemma 2.2.

Results similar to Theorems 2.3 and 2.4 are contained in Ref. 6, but no
estimates of error terms are given there. Here we do obtain some estimates.
Note that for the rectangle sets which we consider the error terms we find are
essentially independent of the relative positions of the sites ny,..., n,.

Theorem 2.5. Suppose E(X(n)) =0and E{X(n)|°* <C < o forneZ?,
Ty ais defined by (2.13), and (2.12) holds. Suppose (M) is satisfied with a(z) =
e~# for some 8 > 0. Let ny,..., n, € Z% and set 8 = min, ¢;<x<p, 4N}, {Me}).
If for each m € Z¢ we let F, be the distribution function of a normal, mean-0,
variance-1, random variable, then for each x;,..., x, € R, as N — o0,

P(XN(ni)/ZN,nj < X I < J s P) - Fnl(xl) an(xp)
_ON"3’1° ifd>1
B {N‘M ifd=1
Proof. By Theorem (3.1) of Ref. 17 the result is true for p = 1. Now for
1 < < plet Z¥%n,) and W¥(n,) be defined by (2.7), where C¥(n;) = Xy n, and
¢ = ¢(N) will be chosen below. Then for 7n(N) > 0, which will also be chosen
below, and for xy,..., x, € R,

P(XN(nJ')/EN,n; < Xj, 1 s] < P)

= P(XN(nj)/ZN,,,j <x, 1<j<p, max |Z%n)| < n(N))

1<j<p
+ Z P(XN(nj)/ZN,nj < xjs 1 <] < D,
i<i<p
|Z¥m)| < 9(N), 1<i<j, [ZY(@mp)]| = 7(N)
=P(W"@m) < x; + 9(N), 1<j<p)
E[Z%n -)]2)
+ 0( e 2.15
B, TP @19
Now if we set B¥(n,) = B(n) — d.a,B"(n)), W) € Fpv(np), 1 <j < p,
and therefore applying (M) a total of p — 1 times gives
P(WY¥m) < x; + n(N), 1 <j<p)
= J1 P7*() < x; + 7(N)) + O(pN°«(28N9))  (2.16)

1<j<p

(2.14)

Now if we set £3 ., = E[Sy o, W¥®)P, then Iy, = Sy nll + o(D)]. This
together with Theorem (3.1) of Ref. 17 implies

P(W () < x; + n(N))
= Fo(x, + 7)) + o(N -0l 4 o(1)], d > 1

N-U41 + o(1)], d= 1) @17
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Now setting n(N) = N %1% and ¢(N) = 1/10 and combining (2.15)-(2.17)
gives the desired result.

We can obtain results analogous to Theorem 2.5 but with a larger error
term if we relax the requirement that the mixing be exponential. For example,
if the hypotheses of Theorem 2.5 hold with «(z) satisfying (2.11) or if the
hypotheses of Theorem 2.4 hold we can use Theorem (3.2) or Theorem (3.4)
of Ref. 17 to obtain an estimate like (2.16) and thus a remainder term of
N ~18_ Estimate (2.14) can, of course, be used to approximate the distribution
function of

max [XV(n)/Zy 5]

1<ji<p
Other results in Ref. 17 can also be applied to the block spins, for example

Proposition 2.6. For n,...,n,€Z¢ and N > 1 let t"(n)) = 22F ,, X
log(log X% , ). Suppose the hypotheses of Theorem 2.5 hold and (a¥(1),..., a¥(p))
is a sequence of vectors with nonzero entries such that for 1 <j < p,
¥m))M2 = o(a™(j)) as N—co. Then as N —co the sequence (X¥(n,)/
a(),..., X¥(n,)/a"(p)) converges a.s. to the zero vector.

Proof. For p = 1 this is just Corollary (3.10) of Ref. 17. Now for
1 <j<<plet
Ay ={w: X¥n)/a"(j)) + 0}
Clearly P(Ui<j<p A9 = 0 and, for w e (Ui <;<r A7), Xy, w)[a"(j) -0
for1 <j<p.

3. CONVERGENCE TO A STABLE LAW

Here we determine conditions on the mixing function « which imply that
one block spin, if it converges weakly, must converge to a normal law. From
Ref. 11, Theorem (18.1.1), it follows that for d = 1 and (X(n)),., identically
distributed, (M;) being satisfied with any e(z) — 0 is sufficient to imply that
sums (X (1) + - + X(N))/By — Ay, By — 0, can only converge weakly to
a stable or a degenerate distribution. Furthermore, if the limit distribution is
stable with exponent «, then By = NV*A(N), where A(N) is slowly varying as
N — oo, Similar results are obtained in Ref. 8 for random fields satisfying
conditions like (M;), but it is necessary to assume that certain “boundary
terms”’ also behave properly. The conditions we impose on the function ef(-)
and on the moments of the X'(n) have the effect of ensuring that these boundary
terms do behave properly. Working with (M) instead of (M) means the
conditions on o -) must be even more stringent. Our Theorem 3.2 below deals
with only one block spin. We point out in Corollary 3.3 that it can be com-
bined with Lemma 2.2 to give information about the joint distributions of any
(finite) number of block spins. The replacing of the blocks B¥(0) by d-
dimensional rectangles in Theorem 3.2 may seem somewhat unnatural at
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first glance, but it is unavoidable, since rectangles, not cubes, are the funda-
mental building blocks for measurable sets if d > 1. The use of rectangles
instead of cubes is not really much of a change. If we consider the case of
convergence to a normal law, for example, it is clear that the proofs in Section
2 of this paper and in Ref. 17 can easily be made valid for any sequence of
d-dimensional rectangles 1 Z% in such a way that the rates of growth in any
two directions are proportional. The proper normalizing constant in these
cases is determined by the fact that for a rectangle R

2
2|3 xw)| ~ 1]
neR
Definition 3.1. The array (X(n))n.z¢ will be called strictly stationary if
forallp > 1 and mny,..., n,, n e Z9 both (X(ny),...,X(n,)) and (X(n; + m),...,
X(n, + n)) have the same joint distribution functions.
Theorem 3.2. Suppose (X (n))acz¢ is strictly stationary with | X(0)]2+¢
< oo for some & > 0. Suppose (M) is satisfied with
aft) « 7o 3D
forsome 0 < v < 1.
Suppose there exists a function f: {1, 2, 3,...} - R with /1 and
f(Nd) > N@-1+v)/2 (32)

where v < v/ < 1. Suppose also that there is a nondegenerate distribution
function F(x) such that for any sequence of d-dimensional rectangles Ry 4 Z¢
there is a sequence (A(Ry)) with Fpr(x), the distribution functions of

> x| [raraD) - 4wy

converging weakly to F(x). Then F(x) is normal. Furthermore, if B¥(0) is
defined as in (1.1),

SABYO]) = |B¥O)|*A(| B¥©)[) (3.3)
where A(y) is slowly varying as y — co.

Proof. Let BY = B¥(0) as in (1.1). For any rectangle R let S; =
S ez X(n) and let Fy be the distribution function of S;. Choose »”,

v<v' < (3.4)
and let C¥ be the rectangle obtained by adding to BY those sites n € Z¢ with
N < n, < [N+ N, 0sm<N, 2<i<d

Let DY be obtained by translating BY so that [N + NV] < n, <
[V + NV + M]. Let fy = f(| BY]) and f), = f(| B¥|). Now by Lemma 2.1
withp =g =2+ 8

E|Sev — Spn|2 <« No-1HY
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and thus
J7 {(Sc¥ — Spv) — 0 in probability as N —

Now as in the proof for d = 1 (p. 316, Ref. 11), we can show that for any
a,, a, > 0 there is a sequence M (N) — co with

Z\lri_l}l)fM(N)/fN = a;/a,
For b,, by, € R set
Yy = ai'(fy'Sey — dpv — by)

and ‘
¥y = (Fuawla )z Scropam — Sev — Ay — b))
Clearly
Yy + ¥y = ((alfN)_ISCNuDM;N) — Ay) — (@ f3) " (Sery — Spv)
and

YyeFp, ¥y e Fpuan

Thus by (M) and stationarity the distribution function of ¥y + ¥y differs
from

Fyv(ayx + by) * Fpran((ay fx[fauan)x + bs)

by at most | B¥||a(N"") = o(1). By the definition of C¥ the distribution func-
tion of Yy + ¥y approaches F(ax + b) for some constants g and b. Thus
F(x) is stable. Now suppose F(x) has exponent «. To show (3.3) we need only
show that for any positive integer k&

lim f(|B= @)D BYO)]) = & (3.5

Let v” be as in (3.4). Now B*¥(0) is obtained by putting together k% copies of
BY(0). Label these copies By ;.. By, and for | € i < k¢ let

BJ(I',i = BN,i - {ﬂ eZ%: d(aBN,is {n}) < Nvlr}’
BII\,,’i = BN,i — BI’V,t

and

fN,iz Z X(ﬂ)

neBp,¢

Now, since by Lemma 2.1 with p =g =2 + 8

E| >  X@[ < kN = o(fy?)

neBN_i
1<igk-1
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the distribution function of
S z & — Agen
1<j<kd
approaches the same limit as the distribution function of

A X@) — dge

neBkEN(0)

where f,x = f(|| B¥¥||). Furthermore, the ¢; are identically distributed. By (M),

, f-) ( itg-‘.)
E|exp it ) - E{exp
( P 1<J'Zskdka I\Ij;[kd pka

and thus for each 1, if ¢5(+) is the characteristic function of Sp/fy — A4z,

Hemen(t)| — l‘ﬁBN(sz/f}cN)]kd‘ =0
as N — o0, But the stability of F implies

= O(N%(N")) = o(1)

lim Js(1)] = exp(=clt]), ¢ >0

Thus we must have
}linio (fulfin)'k® = 1
and so we have shown (3.5). Finally by Lemma 2.1 withp =g =2 + §
E[XY(0))? « N¢
Thus if F has exponent « < 2, we must have E[X¥(0)}?/f,® >0 as N— w0
and so F would be degenerate, which is a contradiction.

Corollary 3.3. If (X(n)),cze is strictly stationary with E|X(0)|27¢ < oo
for some 8 > 0, if (3.2) holds, and if the block spins, normalized by constants
f3v, with f as in (3.3), converge weakly to a nondegenerate random function,
then the limit distributions must be independent and normal.

Proof. We need only combine the proofs of Theorem 3.2 and Lemma 2.2.

4. SOME EXAMPLES

In this section we give some examples of families which do not satisfy the
strong mixing condition (M,) even though the covariances E(X(0)X(n))
decrease to zero as d({0}, {n}) — c. We start by giving a simple criterion for
determining when strong mixing is violated.
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Lemma 4.1. Suppose (X (n))yz2 is strictly stationary with E(X(0)) = 0
and E|X(0)|2%° < o for some 8 > 0. Let X¥ = X¥(0) as in (1.2). Suppose
there is an € > 0 with

E(XT)2 » Note “.D
Then the X(n) do not satisfy (Mj).

Proof. We can easily modify the proof of Lemma (1.8) of Ref. 10 to
show that if the X(n) are strongly mixing and satisfy all the hypotheses of
Lemma 4.1 except for (4.1), then we must have E(X™)? ~ N%(N), where
A(N) is slowly varying as N — co.

Example 4.2. Let d = 2 and consider the Ising model with positive
nearest neighbor interactions at the critical temperature. By results in Refs. 14
and 15, E(X(0)X(n)) ~ 4({0}, {n}) "%, Thus E(X")? ~ N1* and so (4.1)
holds with e = 3/4. (Because the interaction potential is assumed positive,
E(X(X(m)) > 0 for all n. This is discussed in Ref. 16, for example.) A
different proof that strong mixing does not hold for this model may be found
in Ref. 1.

Example 4.3. Fix o, 0 < « < I. Consider a stationary, mean-0
Gaussian sequence (X (#)),.z With covariance function

pn) = 1/(1 + |n|*)

[By Polya’s condition (Ref. 13, p. 70), p is a characteristic function and thus
positive definite and therefore there is a Gaussian process with this co-
variance function.] Clearly in this case

E[i X(n)] s N

=0

and thus this sequence cannot be strong mixing.
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